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Talk Outline

• Principles of Bayesian Inference

• The Practice of Bayesian Inference

• Linear Regression, Simulation, and MCMCpack

• Application: Ideal Point Estimation

• What’s to Come: Modeling Elections in MCMCpack
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The Logic of Bayesian Inference

• Bayesian inference is a means of making rational probability statements about
quantities of interest (observables, model parameters, functions of model
parameters). The central feature of Bayesian inference [is] the direct
quantification of uncertainty (Gelman, et. al. 1996, p. 4).



The Logic of Bayesian Inference

• Bayesian inference is a means of making rational probability statements about
quantities of interest (observables, model parameters, functions of model
parameters). The central feature of Bayesian inference [is] the direct
quantification of uncertainty (Gelman, et. al. 1996, p. 4).

• Inferences are to be made by combining the information provided by prior
probabilities with that given by the sample data; this combination is achieved
by ‘the repeated use of Bayes’ theorem’ (Lindley, 1965, p. xi), and the final
inferences are expressed solely by the posterior probabilities (Barnett 1999, p.
208).
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The Process of Bayesian Data Analysis

• Setting up a full probability model

• Positing prior beliefs

• Calculating and interpreting the posterior distribution

• Evaluating model adequacy
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Advantages of the Bayesian Approach

• Answers the questions that researchers are really interested in; e.g., “What is
the probability that . . . ”

• Natural way to combine information from multiple studies

• Provides a formal method for combining prior qualitative information with
observed quantitative information

• More general way to deal with issues of model identification

• Principled means to compare non-nested models (Bayes factors)

• Allows one to fit very realistic (complicated) models
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Disadvantages of the Bayesian Approach

• Often computationally more demanding than classical inference

• At the moment no general-purpose software packages, but see MCMCpack and
WinBUGS

• Requires either:

1. An elicitation and defense of real subjective prior probability distributions, or
2. Sensitivity analysis to show that the choice of subjective beliefs is not

determining one’s inferences

• Allows one to fit overly complicated (realistic) models
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Criticisms of Conventional Frequentist Approaches

• The interpretation of confidence intervals

• An implicit reliance on the logic of repeated sampling

• The subjective nature of model specification

• Null hypothesis testing

• Numerical and asymptotic properties of maximum likelihood estimation
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Probability Models

• Consider an observed sample of data y

• A probability model for y consists of 2 things:

1. An assumption about the probability distribution with density p(y|θ) that
generated y

2. The set Θ of possible values of the model parameters θ

• p(y|θ) is called the sampling density and is the joint density of all the observed
ys

• When p(y|θ) is viewed as a function of θ for fixed y it is referred to as the
likelihood function and is written L(θ|y)
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Example: Understanding Voter Turnout

• Consider a random sample of size n from the population of registered US
voters.

• We observe that y of the n citizens voted in the 2000 presidential election, the
remainder abstained.

• We assume that each citizen’s decision to vote or abstain follows the Bernoulli
distribution, the probability of each citizen voting is equal, and the decisions to
vote or abstain are independent.

• This implies that y follows the binomial distribution with sample size n and
probability of success π.

? this is the distributional assumption
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• The binomial sample size is fixed at n and the parameter π can be any number
in the [0,1] interval.
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• The binomial sample size is fixed at n and the parameter π can be any number
in the [0,1] interval.

? this determines the parameter space

• Thus our probability model is:

p(y|n, π) =
(

n

y

)
πy(1− π)(n−y), π ∈ [0, 1]

• The maximum likelihood estimate is:

π̂ML =
y

n
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Bayesian Inference

• Goal of Bayesian inference is to make probability statements about model
parameters θ, and/or functions of model parameters g(θ), given a probability
model and observed data

• In other words, we want to know p(θ|y)

• Note that our probability model is defined in terms of p(y|θ) which is not quite
what we want

• How do we get from p(y|θ) to p(θ|y)?
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• Recall that:

p(θ|y) =
p(θ, y)
p(y)

=
p(y|θ)p(θ)

p(y)

=
p(y|θ)p(θ)∫

Θ
p(y|θ)p(θ)dθ

• This identity is known as Bayes’ rule

12



• Bayes’ Rule gives us a formula for calculating the posterior density of θ given y
[denoted p(θ|y)] from knowledge of the sampling density of y [denoted p(y|θ)]
and the prior density of θ [denoted p(θ)]



• Bayes’ Rule gives us a formula for calculating the posterior density of θ given y
[denoted p(θ|y)] from knowledge of the sampling density of y [denoted p(y|θ)]
and the prior density of θ [denoted p(θ)]

• The function p(θ) plays a crucial role in transforming our observed data and
probability model into probability statements about θ



• Bayes’ Rule gives us a formula for calculating the posterior density of θ given y
[denoted p(θ|y)] from knowledge of the sampling density of y [denoted p(y|θ)]
and the prior density of θ [denoted p(θ)]

• The function p(θ) plays a crucial role in transforming our observed data and
probability model into probability statements about θ

• Since p(θ) doesn’t depend on the observed data y it represents the researcher’s
subjective a priori beliefs about the likely values of θ



• Bayes’ Rule gives us a formula for calculating the posterior density of θ given y
[denoted p(θ|y)] from knowledge of the sampling density of y [denoted p(y|θ)]
and the prior density of θ [denoted p(θ)]

• The function p(θ) plays a crucial role in transforming our observed data and
probability model into probability statements about θ

• Since p(θ) doesn’t depend on the observed data y it represents the researcher’s
subjective a priori beliefs about the likely values of θ

• The fact that p(θ) is a subjective probability implies that p(θ|y) is a subjective
probability
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• Note that since p(y) is a constant for fixed y we can write:
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• Note that since p(y) is a constant for fixed y we can write:

p(θ|y) ∝ p(y|θ)p(θ)

In words, the posterior density is proportional to the sampling density times the
prior density .
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• Once a probability model is formed and a prior specified Bayesian inference
proceeds by summarizing p(θ|y).

• Interesting quantities include (but are not limited to)

? The posterior mean of θ:

E[θ|y] =
∫

Θ

θp(θ|y)dθ

? The posterior variance of θ:

Var[θ|y] =
∫

Θ

(θ − E[θ|y])2 p(θ|y)dθ

? A 100× (1− α)% credible set C ⊂ Θ where C is chosen to satisfy:

1− α =
∫

C

p(θ|y)dθ
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